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ABSTRACT

A nonexpansive mapping T : C → X on a closed convex nonempty subset
C of a Banach space X is one that does not increase distances. That is

‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C.

The quest is to find conditions on X that ensure that every nonexpansive mapping
on every such C has a fixed point. This goal is called the fixed point property
(fpp). If, in addition, C is required to be weakly compact, then we have the weak
fixed point property (wfpp). The following implications are well-known :

uniform normal structure ⇒ fpp , normal structure ⇒ wfpp.

We prove that X has uniform normal structure provided that CNJ(X) <
1+
√

3
2

, improving the latest upper bound at 3+
√

5
4

which is proved by S. Dhomponsa
and others. On the other hand, we introduce a generalized James constant J(a,X),
for a Banach space X, and prove that, if J(a,X) < 3+a

2
for some a ∈ [0, 1], then

X has uniform normal structure. For the James constant J(X) itself, we show

that X has uniform normal structure provided that J(X) < 1+
√

5
2

, improving the
previous known upper bound at 3/2 obtained by Gao and Lau. Moreover, we study
relationships between some Banach space geometric properties that guarantee the
(weak) fixed point property. This extends some known results of Dalby and Xu
and others.

The permanence of properties that are sufficient for the (weak) fixed point
property is obtained for ψ−direct sums. Such properties include the properties
uniform convexity, uniform smoothness, U−convexity, R(X) < 2, CNJ(a,X) < 2,
and UKK. For the weak fixed point property of the direct sums, we show that
every ψ−direct sum of Banach spaces X with R(a,X) < 1 + a for some a ∈ (0, 1]
has the weak fixed point property. We continue the investigation in this direction
for Banach spaces with property (M) of Kalton.
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